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Unsteady Dynamic Variables Method for Heterogeneous
Solid Propellant Burning

Sergey T. Surzhikov¤ and Herman Krier†

University of Illinois at Urbana–Champaign, Urbana, Illinois 61801

An extension of the vortex–stream function method is developed for solving two-dimensional gas � ows at low
Mach numbers (M < 0:1) near localized heat release regions. The method allows simulation of the locally heated
unsteady gas � ows for a wide range of density changes in the computational domain. Based on the developed
method, a two-dimensional gasdynamic model for a multicomponent burning process is presented. The coupled,
two-dimensionalNavier–Stokesequations,with the conservationof energy and species and the conservationofmass,
comprise the model. Temperature dependencies for the gas thermophysical properties are taken into account in the
rangeof 500–3000K. Solutionsusingthevortex–stream functionmethodare presented thatdescribe the micro� ame
structures for the combustion of a prescribed array of ammoniumperchlorate oxidizer and a hydroxyl-terminated
polybutadiene binder, the fuel.

I. Introduction

T HE main objective of the paper is to establish a new method
for the numericalsimulationof unsteady� ows of viscous com-

pressible gas at essentially subsonic speeds but with large changes
density. Although the solution of the Navier–Stokes equations with
chemicalreactionsis routinelydone,1;2 in theunsteadyproblemcon-
sidered here, the complications of the coupled heat transfer to the
solids and surface pyrolysis leads to the need to resolvewide ranges
of timescales for both the acoustic and gasdynamic processes.

The general idea of our method is to solve the gasdynamic
equationsusing dynamic variables (vortex–stream function), where
pressure is excluded from the motion equations. It has been
established for some steady-state problems that methods using
dynamicvariablesmay be more ef� cient in somecases than methods
using primitive variables (velocity–pressure variables), especially
for the two-dimensional problems.1¡3 However, as is well known,
dynamicvariablescannotbe employedwhen unsteadycompressible
gas movement is considered.

The proposedmethod,unsteadydynamicvariables(UDV), allows
one to stay within the framework of an approach that implements
vortex–stream function variables and to preserve its higher ef� -
ciency. It will be shown that this can be achievedby the introduction
of a new function, which required an additional transfer equation to
be solved.

II. Mathematical Formulation of the Problem
and the UDV Method

The conservation relation for these viscous, conducting, and
chemically reacting � ows may be considered as three groups for
the gas phase, that is, the Navier–Stokes conservation of momenta
(with continuity), the energy conservation, and the species conser-
vation.

Because the main objective of this study is to develop the UDV
method for solvinga system of gasdynamicsequations,we will start
with a descriptionof the method, and the full system for describing
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chemically reacting, viscous, and heat conductive gas with the new
variables will be formulated later.

We will assume here that the density of the gas and its time
derivative are known coordinate functions. Our task is to calculate
the velocity � eld in free space surrounding the area of a local gas
heating.

We will use a system of Navier–Stokes and continuity equations
in a two-dimensional Cartesian’s coordinates system (see Fig. 1).
These are
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where x and y are the longitudinal and transversal coordinates; u
and v are the projections of the � ow speed V on the x and y axes;
½; p, and ¹ are the density,pressure,and viscosity,respectively;and
a is the projection of the gravitational acceleration on the x axis.

To obtain the equations to be numerically integrated, we will
apply a procedure typical for the dynamic variables method. Equa-
tion (2) will be differentiated with respect to y, and Eq. (3) will be
differentiatedwith respect to x , after which we will subtract the � rst
equation from that result, to obtain an equation that does not contain
the pressure. Thus,
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where a new (vorticity) variable is introduced:
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When the two divergent components are combined, Eq. (6) will be
transformed as follows:
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To obtain the second equation of the system to be identi� ed, we
will use thecontinuityequation.It can serveas thebasis for introduc-
ing the stream function Ã , but only in the following two particular
cases: 1) when the stream is incompressible, that is, div V D 0, and
2) when a stationary solution of compressible gas movement is to
be found, that is, div ½V D 0.

Identical satisfaction to one of the mentioned consequences of
the continuity equation allows one to obtain the relations required
for identi� cation of the stream function. For instance,

½u D @Ã

@y
; ½v D ¡ @Ã

@x

It is easy to see that the introduction of the stream function is
not possible in the general case of unsteadycompressiblegas � ows.
To stay within the framework of the dynamic variables method, we
will introduce a new scalar function E 6D ¡1 complying with the
following equation:

div.E½V/ D @½

@t
(9)

The form of Eq. (9), which speci� es the E function, is dictated by
the possibility of introducing a modi� ed stream function 9, which
satis� es the continuity equation,

div[.1 C E/½V] D 0 (10)

namely,
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Equations (11) serve to determine projections of the mass � ow to
the coordinate axes after the � elds of functions ! and 9 have been
found. Note that Eqs. (11) can also be expressed as

½u D 1

.1 C E/

@9

@y
; ½v D ¡ 1

.1 C E/

@9

@x
(12)

It is obviousthat the lack of a conditionthat limits themodi� cation
of the function E causes dif� culties in the computationalprocedure
for the identi� cation of the mass � ow components, as E ! ¡1.
Therefore, we will use the substitution

" D .1 C E/ (13)

Initially this substitution does not appear to change anything be-
cause it retains the computationalpeculiarity at E ! ¡1. However,
when Eq. (9) is formulated in relation to the function ", this allows
one to make the modi� cation range of function " more speci� c. To
obtain the target equation, we will use Eq. (9) recorded as follows:
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By substituting div ½V by the time derivative of density, we will
obtain
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Taking into account the function " determined in such a way, we
will obtain the following relation between the mass � ow vector
components and the 9-function gradient components:

@9

@y
D exp."/½u;

@9

@x
D ¡ exp ¡."/½v (15)

The last equation of the formulated system establishes relation be-
tween functions! and 9. We will use the de� nition given in Eq. (7)
for the function ! and insert relations (13) to obtain

div[exp.¡" grad 9/] D ¡! (16)

Thus, instead of the system of Eqs. (1–3) we now have Eq. (8) for
determiningthe function!, Eq. (16) for determiningthe 9 function,
and Eq. (14) fordeterminingthenew function". Relations(15)allow
one to calculate the mass � ow vector components. A sequence of
solving these equations will be de� ned in Sec. IX.

We should also comment upon the introduced functions !, ",
and 9 .

First, the function ! is called the vortex function because this is
an azimuth component of vector curl.½V). This is a consequence
of that the mentioned procedure to obtain Eq. (6) is a full analog
of the application of the curl operator with Navier–Stokes equa-
tions recorded in the form of one equation in relation to vector
function ½V. Note that dynamic variables method Ã –! used pre-
viously to solve the problems of compressible and incompressible
gasdynamicsde� ned function! only in a role related to the velocity
components:

! D @v
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Second, the nonstationarystream function 9 is an analog of the
stream functionÃ in terms of the de� nition,kind, and method of us-
age. At " ! 0, which correspondsto an establishedstream, function
9 automatically becomes Ã .

Third, the function " (or E ) may be considered as a measure of
the unsteadycharacterof the gas � ow thermal condition.Conditions
" ! 0 or E ! 0 are met at steadystate,which leads to an asymptotic
transition to simple dynamic variables.

Last, note that by its de� nition the stream function has a distinct
physical sense: The value 9.y/ enters the total � ow rate of the gas
through the layer with width y located perpendicular to the x axis
[in our case the � ow rate is adjusted by value (1 C E )].

The clear physical sense of the function " resulting from the
de� nition allows one to formulate the boundary conditions. In par-
ticular, if the temperaturedoes not changewith time at a certainarea
boundary, then the condition " D 0 can be used.

III. Formulation of the Full System of Equations
The UDV method will be used to investigate the micro� ames

structure near the burning surface of heterogeneous solid propel-
lants. The schematic of the problem is shown in Fig. 1. A detailed
discussionof the physicalproblem statement is presented in Ref. 4.
Here we present the full system of equations needed to solve the
problem in the scope of a computing model, with attention focused
on the numerical simulation aspects.This system of equations takes
into account gasdynamicand mass transfer processesnear the burn-
ing surface and also heat transfer processes. Two chemical kinetic
models and a state equation are used for closing these equations.

When the unsteady dynamic variables are used, the system
of equations describing the slow movement of viscous, heat

Fig.1 Schematicof thedomainto solvefor thecombustionabovelayers
of AP/binder solid propellant.
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conducting, and chemically reacting gas is represented by the fol-
lowing relations:
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where cp and ¸ are the speci� c heat at constantpressureand thermal
conductivity, respectively; T is the temperature; cp;k is the speci� c
heat capacityat constantpressure for the kth component;Yk D ½k=½
is the mass fraction of the kth component; ½k is the density of the
kth component; Dk is the effective diffusion coef� cient of the kth
component; and hk and $k are the enthalpy and reaction rate of
the kth species. (Here reaction rate means value of mass consumed
or produced per unit volume per unit time, e.g., gram per cubic
centimeter per second.)

The variables .x; r; t/; .u; v/, and .½; p; T; cp; ¹; ¸/ in the sys-
tem of Eqs. (17–22) are nondimensional.To nondimensionalizethe
variables, the following parameters were used: ½0; ¹0; L0 , and u0,
where the zero index is used from here on to denote the parameters
at known � xed conditions. Then, too,

.x; r / D . Qx; Qr /=L0; t D Qtu0=L0; .u; v/ D . Qu; Qv/=u0

½ D Q½=½0; T D QT =T0; ¹ D Q¹=¹0

¸ D Q̧=¸0; D D QD=D0; cp D Qcp=cp;0

Re D ½0u0 L0=¹0 is the Reynolds number, Pr D ¹0cp;0=¸0 is the
Prandtl number, Sc D ¹0=½0 D0 is the Schmidt number, and Fr2 D
u2

0=aL0 is the Froude number square. The following normalization
parameters were used: u0 D 1 cm/s, L0 D 0:001 cm, ½0 D 1:177 £
10¡3 g/cm3, ¸0 D 1:983 £ 10¡4 W/(cm ¢ K), cp;0 D ¸0=¹0 , and
D0 D ¹0=½0.

Because the process develops at almost constant pressure, it ap-
pears suf� cient to take into account only the temperaturedependen-
cies of thermophysicand transport functions that are included in the
mathematical model of the process [Eqs. (17–22)].

The choice of small-scale heated domains (typical scale of the
heat release region is »10–100 ¹m) provides the possibility to limit
ourselves to taking into account only molecular viscosity and heat
conductivity,which, however,due to strong dependenceon the tem-
perature, are spatial coordinate functions,which must be taken into
account in the calculations.

IV. Chemical Kinetics Models
Two kinetic models of global chemical reactions are used in this

study. A common formulation for both models is
NcX

m
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where al;m and bl;m are the stoichiometric coef� cients for the lth
global chemical reaction, m is the conventionalnumber of reagents
r and products p for the lth reaction, [Y ].r/

m and [Y ].p/
m are the molar

concentrations of reagents and products, and Nc is the number of
the effective chemical components taking into account in the Nr

chemical reactions.
The � rst utilized model for the chemical kinetics for heteroge-

neous propellant burning was that suggested in Ref. 5. This model
consists of three global reactions for eight chemical component.
These are

a1;1[Y1] C a1;2[Y2] ! b1;1[Y3] C b1;2[Y4] (24a)

a2;1[Y5] C a2;2[Y2] ! b2;1[Y6] C b2;2[Y7] (24b)

a3;1[Y3] C a3;2[Y6] ! b3;1[Y8] (24c)

where [Yk ] are the molar concentrations of the global reactions ef-
fective components. Correspondence between conventional num-
bers of the effective chemical components and name of the real
chemical components is presented in Table 1. Effective chemical
components named P1; P2, and P3 are the products of the global
chemical reactions, containing all equilibrium products of the het-
erogeneouspropellants[on the base of ammonium perchlorate(AP)
and hydroxyl-terminatedpolybutadienebinder (HTPB) burning].

Taking into account the relation between the names and num-
bers of the effective chemical components, the rates for the global
reactions may be written in the following form:

P!1 D k1.T /.½1=W1/.½2=W2/ (25a)

P!2 D k2.T /.½5=W5/.½2=W2/ (25b)

P!3 D k3.T /.½3=W3/.½6=W6/ (25c)

where Wk is the molecular weight of the species k. Here the dimen-
sion for the P!k is mole per cubic centimeter per second.

The global chemical reactions constants are expressed by the
Arrhenius law as

kl .T / D Al exp.¡El=R0T / (26)

where El is the activation energy, Al is the preexponent fac-
tor (Table 2), and R0 is the universal gas constant R0 D
1:9858 cal/(mol ¢ K). The stoichiometric coef� cients of the kinetic
mechanism(24) take into accountactualcorrelationsbetweenchem-
ical components. For the detailed kinetic mechanism see Ref. 5.

Table 1 Chemical components taken into account in the eighth
component kinetic model

Conventional name
of effective chemical Name of effective
component chemical component .Yk;w/AP .Yk;w/HT PB

Y1 NH3 0.054 0
Y2 HClO4 0.0214 0
Y3 O2 0.219 0
Y4 P1 0.7056 0
Y5 C4H6 0 0.094
Y6 CO 0 0.03
Y7 P2 0 0.104
Y8 P3 0 0.772

Table 2 Constants for the global chemical
reactions rates in the eighth component modela

Number of Al , El ,
reaction l cm3 s/mole cal/mol

1 1:8 £ 1014 15,236
2 4:0 £ 1014 14,955
3 5:3 £ 1013 24,200

aStoichiometric coef� cients: a1;1 D 1, a1;2 D 0:526, b1;1 D
0:787, b1;2 D 1:68, a2;1 D 1, a2;2 D 0:360, b2;1 D 1:750,
b2;2 D 1:66, a3;1 D 1:92, a3;2 D 1:000, b3;1 D 3:05, and
b3;2 D 0.
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Table 3 Chemical components taken into account in the � fth
component kinetic model

Conventional name
of effective chemical Name of effective
component chemical component .Yk;w/AP .Yk;w/HT PB

Y1 ´ FA NH3 0.05 0
Y2 ´ Ox HClO4 0.07 0
Y3 ´ P1 P1 0.88 0
Y4 ´ FB C4H6 0 1
Y5 ´ P2 P2 0 0.9

Table 4 Constants for the global
chemical reactions rates in the � fth

component modela

Number of Al , El ,
reaction l cm3 s/mole cal/mol

1 2:52 £ 1013 15,236
2 2:52 £ 1014 14,955

aStoichiometric coef� cients: a1;1 D 1, a1;2 D 0:526,
b1;1 D 2:68, a2;1 D 1, a2;2 D 0:36, and b2;1 D 2:67.

The species reaction rates for Eqs. (21) and (22) are calcu-
lated by using the obvious relations,for example, $1 D ¡a1;1W1 P!1,
$2 D ¡.a1;2 P!1 C a2;2 P!2/W2 , etc., where the dimensionsof all reac-
tion rates are gram per cubic centimeter per second.

The second simpli� ed model of the chemical kinetics for het-
erogeneouspropellant burning was developed in Ref. 4. The model
consists of two global reactions for � ve chemical components, pre-
sented in Table 3. These are

a1;1[Y1] C a1;2[Y2] ! b1;1[Y3] (27a)

a2;1[Y4] C a2;2[Y2] ! b2;1[Y5] (27b)

where Y2 D Ox; Y1 D FA , and Y4 D FB are the reagents (oxidizer Ox
and fuel FA correspondto the AP and FB correspondsto the binder);
Y3 D P1 and Y5 D P2 are the products of the global chemical re-
actions, containing all equilibrium products of the heterogeneous
propellants (on the base of AP and HTPB) burning.

The rates for the global reactions are then (see also Table 4)

P!1 D k1.T /.½1=W1/.½2=W2/ (28a)

P!2 D k2.T /.½4=W4/.½2=W2/ (28b)

V. Thermodynamic and Transport
Properties of the Gas Phase

For determining the thermophysical and transport properties of
the gas mixture the following relations were used:

p D ½
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PNc

k .Yk=Wk /
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To approximate the thermodynamic properties the following ap-
proximations are used for the speci� c heat and the enthalpy6:

cp;k D A C Bt C Ct 2 C Dt3 C E=t 2; J=.mol ¢ K/

hk ¡ hk;T D 298:15K D At C Bt 2=2 C Ct 3=3

C Dt4=4 ¡ E=t C F ¡ 1H 0
f;298; kJ=mol (30)

where t D T=1000; 1H 0
f;298:15 is the enthalpyof formationat 298.15

K, and A; B; C; D; E , and F are the approximation coef� cients
given in Ref. 6.

Table 5 Approximation coef� cients for
products enthalpy of the global chemical
reactions for the eighth component model

Number of APk , BPk ,
reaction cal/mole cal/(mol ¢ K)

1 ¡60,054 10.3
2 ¡40,000 12.2
3 ¡78,857 12.6

Table 6 Approximation coef� cients for
products enthalpy of the global chemical
reactions for the � fth component model

Number of APk , BPk ,
reaction cal/mole cal/(mol ¢ K)

1 ¡59,000 10
2 ¡37,000 12

The average molecular weights of products of the eighth compo-
nent global chemical reactions and approximationsfor enthalpy are
taken from Ref. 5 (Table 5). Thus,

WP1 D 28:41; WP2 D 24:69; WP3 D 29:3; g=mol

h Pk D APk C BPk T; k D 1; 2; 3 (31)

For the � fth component global chemical reactions, the following
values were used (see also Table 6):

WP1 D WP2 D 29; g=mol

h Pk D APk C BPk T; k D 1; 2 (32)

Average characteristicsfor the momentum, heat, and mass trans-
fer coef� cients assumed that

¹.T / D 1:983 £ 10¡4 273 C 117
T C 117

s³
T

273
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g=.cm ¢ s/ (33)

¸.T / D
¹cp

Pr¤
; Dk D D.T / D ¹

½Sc¤
(34)

Setting Pr¤ D 1 and Sc¤ D 1, the following relations will be used:
¸.T / D ¹cp and

Dk D D.T / D ¹=½ (35)

VI. Boundary Conditions
First we will formulate the boundary conditions for solving

Eqs. (17–22) in relation to the velocity, temperature,and mass frac-
tions of the chemical components.

Boundary Conditions at x = 0 (Surface of the Heterogeneous Material)
Mass Fractions Distributions Along the Surface

At y < y1 (AP surface) for the eighth component model (see
Table 1)

Yk D Yk;w; k D 1; 2; 3; 4; Yk D 0; k D 5; 6; 7; 8
(36a)

For the � fth component model (see Table 3)

Yk D Yk;w; k D 1; 2; 3; Yk D 0; k D 4; 5 (36b)

At y1 < y < L (binder surface) for the eighth component model
(see Table 1)

Yk D 0; k D 1; 2; 3; 4; Yk D Yk;w ; k D 5; 6; 7; 8
(37a)

For the � fth component model (see Table 3)

Yk D 0; k D 1; 2; 3; Yk D Yk;w; k D 4; 5 (37b)
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Fig. 2 Postulated temperature distribution on the AP/HTPB surface.

Temperature Tw and Injection Velocity uw Distributions Along the Surface
We depict a continuous variation for the surface temperature

bounding the oxidizer/fuel by assuming

Tw D Tm ¡ .2=¼/1T arctan[.y ¡ y1/=¯y] (38a)

uw D um ¡ .2=¼/1u arctan[.y ¡ y1/=¯y] (38b)

where

Tm D 0:5.Tw;A C Tw;B /; um D 0:5.uw;A C uw;B /

1T D 0:5.Tw; A ¡ Tw;B /; 1u D 0:5.uw; A ¡ uw;B /

Tw; A D 1
y1

Z y1

0

Tw dr; Tw;B D 1
L ¡ y1

Z L

y1

Tw dr

uw;A D
1
y1

Z y1

0

uw dr; uw;B D
1

L ¡ y1

Z L

y1

uw dr

The last four integrals could be considered as the mean values for
the surface temperature and blowing velocity. The parameter ¯y

speci� es conditions of heat transfer between layers of oxidizer and
binder in solid phase. A typical distribution of surface temperature
is shown in Fig. 2.

Boundary Conditions at the Symmetry Plane (y = 0)
Where y D 0 and v D 0,

@u
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Boundary Conditions at the Symmetry Plane (y = L)
Where y D L and v D 0,
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Boundary Conditions at the Upper Boundary of the Calculated
Domain (x ! 1 )

Where x ! 1,
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D @Yk
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D 0; k D 1; 2; : : : ; Nc (41)

The downstreamdimensions for the computationaldomain to ap-
proximate the in� nity conditions are varied and range from 200 to
500 ¹m (typical size of burningarea is about5–20 ¹m). The dimen-
sions of the computational domain (x D H ) at which the impact of
uncertainty in the boundary conditions for the velocity components
was negligible were identi� ed by numerical experiments.

The boundary conditions for identi� cation of the dynamic vari-
ables !; 9 , and " are as follows:

y D 0; ! D 0; 9 D 0;
@"

@y
D 0

x D 0; ! D ¡ @½u

@y

­­­­
w

; 9 D
Z y

0

½wuw dy; " D 0

y D L: ! D 0; 9 D
Z L

0

½wuw dy;
@"

@y
D 0

x ! 1.x D H /:
@!

@x
D 0

9 D
Z y

0

exp[".x D H /]½.x D H /u.x D H / dy;
@"

@x
D 0

VII. Initial Conditions
To obtain steady-state solutions, the following initial conditions

were used:

t D 0: v.x; y/ D 0; u.x; y/ D uw; T .x; y/ D Tw

Yk.x; y/ D Yk;w; k D 1; 2; : : : ; Nc (42)

The pressure is assumed to be constant and equal to p0. Also to ob-
tain a unsteady solution to the problem, steady-state solutions were
used to provide initial nodal conditions throughout the domains.

VIII. Sequence of General Problem Solution
and Method of Numerical Integration

An iterative solution process at each time step consisted of three
consecutivestages, which can be conventionallycalled energy, gas-
dynamic, and species transport stages. At the energy stage Eq. (21)
was solved, and the velocity � elds were assumed to be � xed. Be-
cause of the strong nonlinear dependence of temperature on the
burning processes, it is necessary to arrange an additional iterative
process to the solution of Eqs. (21) and (22) but only after solution
of the gasdynamic equations.

After an energyconservationequation is initiallysolved, the den-
sity � eld is de� ned, and the gasdynamic stage of the problem solu-
tion starts. The sequence of solution of the equations is as follows:
Eqs. (19), (17), (18), and (20). The density � eld in this case is � xed
in space. Convergence of the iterative process is monitored with
functions !, ½u, and ½v.

The species transport stage starts after the gasdynamicstage, and
then iterations for a given time step are repeated from the energy
conservationequation. The number of internal iterations within the
energy, gasdynamic, and species transport stages is determined� rst
by the selected time integration step ¿ D t p C 1 ¡ t p . The optimal
step is the one that does not require additional iterations between
the internal stages. Numerical calculationsestablished that, for this
case, the total computational time was the shortest.

All � nite-differenceequationswere presentedin a canonicalform
of a � ve-point difference equation, as follows:

Ai; jUi ¡ 1; j C Bi; j Ui C 1; j C NAi; j Ui; j ¡ 1 C NBi; j Ui; j C 1

¡ Ci; j Ui; j C Fi; j D 0

where U D f!; 9; "; T; Ykg, and Ai; j ; Bi; j ; NAi; j ; NBi; j ; Ci; j , and Fi; j

are the approximation coef� cients of the � nite difference scheme.
The � nite difference scheme has hybrid � rst–second order of ac-

curacy in space. The donor cells scheme1 or second-order central-
differences schemes were used for an approximationof the transfer
members in all equations.(In theconsideredcaseswe didnot useany
computational � ux corrected methods.) All � nite difference equa-
tions were solved by the successiveoverrelaxationin linesmethod.7

IX. Calculated Results
Two problems concerning gasdynamic structure of micro� ames

above the surface of burning heterogeneous rocket propellants on
the base of AP (oxidizer) and HTPB (fuel, binder) were solved.

In the � rst problem, the process of the gasdynamic structure re-
organization due to periodical replacement of the oxidizer and the
binder surfaces was considered.

In the second problem, the structure of a micro� ame above a
burning surface was studied for rapid modi� cation of mass forces
stipulated by a modi� cation of gravitational acceleration.

Note that detailed reviewsof a state of the art of computing inves-
tigations of solid propellantsburning processes were recently sum-
marized and published in Refs. 8–10. Also, the statements of the
problems of solid propellants heterogeneousburning in the present
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paper is similar in many aspects to those considered in Ref. 4. Nev-
ertheless, the processes calculated here were not discussed in the
referenced works. In addition, note that gasdynamic problems of
heterogeneous solid propellants burning are considered here only
as an illustrationof UDV method application;therefore, some addi-
tional simpli� ed assumptions concerning proper burning processes
are used here.

A. Analysis of Changes of Gasdynamic Structure of Micro� ame
at Alternation of Oxidizer and Binder Surfaces

A schematic of the problem is shown in Fig. 1 and is based on
the following assumptions:

1) The mass burning velocities of the oxidizer and binder are
not equal and do not change with time, at least in the period of
the oxidizer and binder alternation,but because they have different
densities, the composite material surface remains � at during the
burnoutprocess. (Note that this assumption is generallynot correct.
However, in accord with Ref. 11 there are some conditions for the
oxidizer/binder layered system burning when this assumption is
approximately true.)

2) After burnout of the composite material layer by a thickness
± (this magnitude is determined by a characteristic size of the oxi-
dizer grains), the oxidizer surface is instantly replacedby the binder
surface, and conversely the binder surface is instantly replaced by
the oxidizer surface; at least this time is much less than the period
of the oxidizer and binder alternation.

3) Processes of a quenching and ignition of the composite mate-
rial componentsare consideredas very fast (comparedto the investi-
gatedtimescales); gasdynamicprocessesaccompanyingthequench-
ing/ignition processes are modeled to be very fast and are not taken
into account.

The purpose of the study is to determine the characteristic tem-
poral scales, on which the micro� ame gas structures are stabilized
due their locations above the oxidizer and the fuel binder.

The numerical simulation results have shown that dynamics of a
micro� ame dependson many factors, such as pressure in gas, volu-
metric ratio of an oxidizer and binder ’, surface temperatures, and
the velocitiesof the injectedgases from burningsurfaces.Therefore,
the few calculated results only illustrate some common characteris-
tics of the processes but do not describe all possible variants.

To estimate a time of a micro� ame gasdynamicstructure installa-
tion, one can use a periodof thermogravitationconvection(for small
injection velocities) or characteristic time of forced convection (for
large injection velocities).

A characteristic velocity of thermogravitation movement is
ugrav D

p
.gL¤/ D 2:2 cm/s, for L¤ D 0:005 cm, and the character-

istic injection velocity of combustion products from the burning
surface is uw D 5–50 cm/s. With these values, the periods of ther-
mogravitation and forced convectionare nearly equal; accordingly,
¿grav D L¤=ugrav D 2:3 ms and ¿conv D L¤=uw D 1–0.1 ms.

Assuming a linear burning velocity of a composite mate-
rial as PrB D 1 cm/s, then for typical size of the oxidizer gran-
ules ± D 0:005 cm, the surfaces alternation period is equal to
¿alt D ±=PrB D 5 ms. This means that the time for the micro� ame gas-
dynamic structurestabilizationcoincideswith the periodof surfaces
alternations.

Note that in the estimates just discussedthere is no pressureeffect
from the gas phase. Nevertheless, this parameter appears implicitly
because the pressure determines a mass velocity of a composite
material thermodestructionandalso the injectionvelocityofgaseous
burning products.

Our calculations have con� rmed the correctness of these es-
timates. For these calculations the following basic data were
set: H D 0:03 cm, L D 0:01 cm, uw;A D 49 cm/s, uw;B D 13 cm/s,
Tw;A D 866 K, Tw;B D 1140 K, and p0 D 40 atm. The period of the
burning surfaces alternation was set to equal ¿alt D 5 ms.

The � ve-component kinetic model is used in these calculations.
Mass fractions of the effective components on the burning surface
are given in the Table 3. The globalchemicalreactionratesconstants
and the stoichiometric factors are given in the Table 4.

Figure 3 shows steady-state temperature and velocity � elds
at the initial structure of the oxidizer, 0 < y < 0:0075 cm, and

Fig. 3 Temperature and � ow� eld for the initial structure of AP
(y < 0:0075 cm) and HTPB (y >0:0075 cm); velocity magnitudes are
uw; A(y < 0:0075 cm) = 49 cm/s and uw; B( y >0:0075 cm) = 13 cm/s.

Fig. 4 Temperature and � ow� eld for the reverse structure of AP
(y >0:0075 cm) and HTPB (y < 0:0075 cm); velocity magnitudes are
uw; A(y >0:0075 cm) = 49 cm/s and uw; B( y < 0:0075 cm) = 13 cm/s.

the binder, 0:0075< y < 0:01 cm. The steady-state � elds of the
temperature and velocity for the alternate structure of the oxi-
dizer (0:0075< y < 0:01 cm) and the binder (0 < y < 0:0075 cm)
are shown in Fig. 4. The transient of steady-state thermody-
namic condition installation ¿conv has taken in this case approx-
imately 0:3¿alt .

One signi� cant feature that is evident is the origin of the vortex
gas motion in regions above the fuel binder y < 0:0025 cm and the
oxidizer 0:0075< x < 0:025 cm.

B. Micro� ame Structure at Different Gravitational Accelerations
Changes of a thermodynamic structure of micro� ames due

to modi� cations of gravitational acceleration were studied. The
schematic is the same as that shown in Fig. 1. The eight-component
kinetic model of three global chemical reactions was used. Mass
fractionsof the effectivecomponents in immediate proximity above
the burning surface, global chemical reactions rates constants, and
the stoichiometric coef� cients are given in Tables 1 and 2.
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Fig. 5 Temperature and � ow� eld for a = ¡ ¡ g and p0 = 20 atm; AP
and HTPB are structured at y < 0:006 cm and y >0:006 cm, corre-
spondingly; velocity magnitudes are uw; A( y < 0:006 cm) = 10 cm/s and
uw; B( y >0:006 cm) = 5 cm/s.

Fig. 6 Temperature and � ow� eld for a = ¡¡ 10 g and p0 = 20 atm;
AP and HTPB structured at y < 0:006 cm and y >0:006 cm corre-
spondingly; velocity magnitudes are uw; A( y < 0:006 cm) = 10 cm/s and
uw; B( y >0:006 cm) = 5 cm/s.

The calculations were conducted for the near surface area of
the following sizes: H D 0:03 cm and L D 0:01 cm. The oxidizer
takes 60% of the surface (0 < y < 0:006 cm) and the binder takes
40% (0:006 < y < 0:01 cm). Injection gas velocities from the sur-
faces and their temperatures were set as follows: uw; A D 10 cm/s,
uw;B D 5 cm/s, Tw; A D 823 K, and Tw;B D 950 K.

In the � rst calculated series (when the pressure was set
p0 D 20 atm) the gravitational acceleration a D ¡g D ¡981 cm/s2

was set at a D ¡1; ¡10, or ¡100 g. The calculatedmicro� ame ther-
modynamic structure is shown in Figs. 5–7. It is clear that the
gasdynamic structure of the micro� ame is noticeably altered by
gravitationalacceleration.For example, one can see approximately
parallel gas motion in the whole computational domain at a D ¡g
(Fig. 5) and large-scalevortexgasmotionabovethe bindersurfaceat
a D ¡10 g (Fig. 6), which is stipulated by the Archimedean forces.
Just as the formation of a vortex motion above the binder surface,
the formation of a vortex motion above the oxidizer surface is pre-
dicted at a D ¡100 g (Fig. 7). It is remarkable that the temperature

Fig. 7 Temperature and � ow� eld for a = ¡ ¡ 100 g and p0 = 20 atm;
AP and HTPB are structured at y < 0:006 cm and y >0:006 cm cor-
respondingly; velocity magnitudesare uw; A(y < 0:006 cm) = 10 cm/s and
uw; B( y >0:006 cm) = 5 cm/s.

Fig. 8 Temperature and � ow� eld for a = ¡ ¡ g and p0 = 80 atm; AP
and HTPB are structured at y < 0:006 cm and y >0:006 cm corre-
spondingly; velocity magnitudes are uw; A( y < 0:006 cm) = 10 cm/s and
uw; B( y >0:006 cm) = 5 cm/s.

� elds for the three calculated series differ only slightly (compare
Figs. 5–7). Note that the thermodynamic structure of micro� ames
shown in Figs. 5–7 corresponds to a steady-state solution.

The pressure in gas phase was increased up to p0 D 80 atm in
the second calculated series. Calculated results for the conditionsat
a D ¡g and ¡10 g are shown in Figs. 8 and 9, respectively.One can
see that changes in temperature � elds are insigni� cant as the gravi-
tational acceleration increases. However, the gasdynamic structure
is changed rather noticeably. A large-scale vortex motion is pre-
dicted to appear directly above the burning surface when a D ¡10 g
(Fig. 9b) due to the differences in the gas velocities injected above
the solid binder and oxidizer at this large pressure, p D 80 atm.

Note the temperature gradients increase near the surface with
growth of the gas pressure (compare Figs. 5 and 8), which con-
� rms the well-known fact of increasing heat � uxes to a surface for
increasing pressure.

Figure 10 shows the calculated results for the opposite direc-
tion of a gravity acceleration (a D C10 g) at pressure p0 D 20 atm.
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Fig. 9 Temperature and � ow� eld for a = ¡ ¡ 10 g and p0 = 80 atm; AP
and HTPB are structured at y < 0:006 cm and y >0:006 cm corre-
spondingly; velocity magnitudes are uw; A( y < 0:006 cm) = 10 cm/s and
uw; B( y >0:006 cm) = 5 cm/s.

Fig. 10 Temperature and � ow� eld for a = +10 g and p0 = 20 atm; AP
and HTPB are structured at y < 0:006 cm and y >0:006 cm corre-
spondingly; velocity magnitudes are uw; A( y < 0:006 cm) = 10 cm/s and
uw; B( y >0:006 cm) = 5 cm/s.

When Figs. 6 (a D ¡10 g) and 10 (a D C10 g) are compared, one
can conclude that a minor modi� cation in a temperature � elds
and noticeable modi� cation of gasdynamic structure of the mi-
cro� ames are predicted. In the case of positive gravity acceleration,
the suppressionof a vortex structure of gas � ows above the surface
is observed.

X. Conclusions
The paper introducedthe UDV method intendedfor integrationof

the Navier–Stokes equations in conditions of subsonic movements
of gases for any local density changes. This magnitude of the den-
sity differences is stipulated by local heat of gas due to chemical
reactions or any other volumetric source of heat.

The general idea of the UDV method consists in the introduc-
tion of a new function, de� ned as local density change in time,
which allows use of the well-known method of dynamic variables
(vortex–stream function) for numerical integration of the Navier–
Stokes equations, even for cases of unsteady compressible � ows.
This method was used for the numerical investigationof two prob-
lems concerned with the thermodynamic structure of micro� ames
near a surface of burning composite rocket propellant on the base
of AP/HTPB.

The in� uenceof alternateAP/binderlayersat theburningsurfaces
of oxidizer and binder on changes in a micro� ame structure was
investigated in the � rst series of calculations. It was shown that
it is necessary to take into account not only space heterogeneity
of the composite materials, but also the unsteady character of the
gasdynamic processes near the surface.

The in� uenceof magnitudeand directionof gravitationalacceler-
ation on the structure of a micro� ame is investigated in the second
series. It was shown that the variation of the gravitational accel-
eration to two orders has a minor effect on the temperature � elds
near the burningsurface,but signi� cantlyin� uences thegasdynamic
structure of micro� ames. When the magnitude and direction of a
gravitational acceleration was depended on, the appearance or, on
the contrary, suppression of a large-scale rotational structure was
predicted.
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